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RESEARCH ARTICLE

Frequency distribution and signal formation
around a vessel

Abstract We describe the NMR
signal formation properties of a
single vessel. Instead of assuming the
frequency distribution to be a simple
Lorentzian or Gaussian one, we take
into account that the frequency
distribution around the vessel is a
complex function. Considering the
static dephasing regime we ﬁnd a
relationship between signal
formation and frequency
distribution. Analytical expressions
for the frequency distribution in a
voxel and the magnetization decay
are obtained. In the case of small
volume fractions of blood and week
magnetic ﬁelds the results can be
used for describing signal formation
processes in a vascular network. A
relationship between the frequency

Introduction
Susceptibility effects and their inﬂuence on signal
formation are highly interesting in magnetic resonance
imaging (MRI). For example, the paramagnetic property of deoxygenated hemoglobin induces a susceptibility
difference between blood vessels and surrounding tissue.
The generated internal magnetic ﬁeld and the resulting
frequency distribution determine the MR properties of
the tissue. Focusing on the gradient echo relaxation time,
Kennan et al. [1] compared a Gaussian and Cauchy distribution of local frequencies and noted that the precise
ﬁeld dependence of gradient echo relaxation depends on
the choice of p(ω) and is in general not known. The exact
description of this frequency distribution is the aim of this
work.

distribution and the properties of the
vascular network is derived. The
magnetization decay in different time
regimes is discussed. The result is
relevant for describing signal
formation processes around a vessel
for arbitrary pulse sequences.
Keywords Susceptibility effects ·
Spin dephasing · Frequency
distribution

The signal formation in the static dephasing regime
was ﬁrst developed by Yablonskiy and Haacke [2] in 1994.
The theory of transverse relaxation has been signiﬁcantly
developed since that time, mainly by Yablonskiy [2–4],
Bauer [5–7], Kiselev [8–10], and Jensen and Chandra [11,
12]. Following the approach of Yablonskiy and Haacke we
consider the static dephasing regime to ﬁnd a relationship
between signal formation and frequency distribution.
In general, an MRI experiment is determined completely by the used pulse sequence and the scanned tissue.
The tissue is characterized by the distribution of dephasing frequencies p(ω). The signal obtained from a voxel is
the sum over all spins emitting transverse magnetization
Mx (ω) + iMy (ω) multiplied by their probability distribution p(ω) and can be extended to the following expression
[13–15]:
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M(t) =

+∞
−∞



p(ω) Mx (ω) + iMy (ω) eiωt dω .

(1)

This paper focuses on the exact form of the distribution
of the off-resonance frequencies p(ω). In the special case
of a FLASH sequence [16], the response proﬁle Mx (ω) +
iMy (ω) is a constant, and therefore the signal M(t) is the
Fourier transform of the frequency distribution. Now the
question arises of how to describe experiments with more
sophisticated response proﬁles. Therefore, it is necessary
to know the exact form of the distribution of dephasing
frequencies p(ω), which is deduced and analyzed in this
study.

Methods
The BOLD effect arises from the paramagnetic property of
deoxyhemoglobin [17]. A single vessel containing blood that is
surrounded by water is a simple example of susceptibility effects
caused by the properties of blood. We assume the vessel to be
a cylindrical capillary with radius RC embedded in a voxel. For
arriving at simple analytical expressions we consider the voxel
as a surrounding concentric cylinder with radius R.
The BOLD-related transverse relaxation of spins is induced
by the inhomogeneous magnetic ﬁeld around the capillary.
Dephasing mechanisms caused by the imaging gradients as considered by Mattiello et al. [18] are neglected. The inhomogeneous
ﬁeld around a capillary in cylindrical coordinates (r, φ) is given
by
B(r) =

χ
2

B0 sin2 θ RC2

cos 2φ
,
r2

(2)

where χ is the difference of the susceptibility between the capillary and the surrounding tissue [19] and θ is the tilt angle to
the external ﬁeld. Introducing the characteristic equatorial frequency shift
δωθ = γ B(r = RC , φ = 0)
χ
=γ
B0 sin2 θ ,
2
where γ is the gyromagnetic ratio, we have

(3)

cos 2φ
ω(r) = δωθ RC2
.
r2

(4)

The ﬁeld inside the capillary Bint = χ B0 (3 cos2 θ − 1)/6 is independent of the distance to the axis of the cylinder [19] and
leads to an internal local frequency ωint = 2δωπ/2 /3 − δωθ . Based
on the picture of spins diffusing around the capillary, two frequency scales are present, each characterizing one underlying
relaxation mechanism: the dynamic frequency scale and the
magnetic frequency scale. The dynamic frequency scale is characterized by the inverse of the correlation time 1/τ = D/RC2 ,
while the magnetic frequency scale is described by the equatorial frequency shift δωθ . We will focus our attention on the case
where the δωθ dominates, i.e., we assume static dephasing conditions. The NMR signal decay due to the magnetic moment
dephasing resulting from the local differences in the nuclear frequencies occurs faster than the diffusion phenomena manage to

average out the phases of different nuclei [2]. The NMR signal
in the static dephasing regime M(t) may be presented as

1
d3 r ρ(r) ei ω(r) t ,
(5)
M(t) =
V V
where V is the relaxation volume, i.e., the coaxial cylinder with
radii RC and R as described above. The local resonance frequency at medium point r is ω(r), and ρ(r) is the spin density
[2, 20–22]. Introducing the Dirac distribution leads to the following expression for the signal:
 +∞

1
3
M(t) =
d r ρ(r)
dω δ [ω − ω(r)] ei ω t
V V
−∞
(6)
 +∞
= ρ0

−∞

dω p(ω) ei ω t .

Adapting methods of statistical physics [20, 23], we are able to
deﬁne a distribution function of the Larmor frequency in the
following way:

1
d3 r ρ(r) δ [ω − ω(r)] ,
(7)
p(ω) =
ρ0 V V
which has the properties of a probability density
 +∞
dω p(ω) = 1 and p(ω) ≥ 0 .
(8)
−∞

The expression for the distribution function of the Larmor frequency in Eq. 7 coincides with the deﬁnition of the density of
states in quantum mechanics. A more intuitive way to introduce
this distribution function of the Larmor frequency is to describe
the presence of magnetic material in terms of a histogram [24].
Therefore, the relaxation volume is divided into small subvoxels
and the local resonance frequency ω is determined for each small
subvoxel. The histogram is the number N of subvoxels with a
given local resonance frequency ω plotted over the local resonance frequency ω. For the speciﬁc case of a spherical object,
the distribution function of the Larmor frequency for different
voxel forms has been analyzed by Seppenwoolde et al. [25].

Results
To obtain an analytical expression for the distribution
function of the Larmor frequency, we perform the integration in Eq. 7 using the local frequency from Eq. 4. The
integration volume V is the relaxation volume according
to the capillary model described above. Further we assume
the spin density ρ(r) = ρ0 = M(0) as a constant within the
relaxation volume V . The calculation is straightforward
and we obtain the expression


2

η δωθ
ω

1
−

2
δωθ
1−η πω





for
ω
∈
(−δω
θ , −ηδωθ ) or (ηδωθ , δωθ ),




2
2
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p(ω) =
η δωθ
ω
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δω
ηδω

πω
θ
θ





for ω ∈ (−ηδωθ , ηδωθ ),



0
otherwise ,
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2 /R 2 is the volume fraction 0 ≤ η ≤ 1. In the
where η = RC
limit of small volume fraction the distribution function
of the Larmor frequency converges to the Delta function
δ [ω]:

lim p(ω) = δ [ω] ,

(10)

η→0

and in the opposite limit of large volume fractions, i.e.,
vanishing relaxation volume, the distribution function of
the Larmor frequency converges to
1
lim p(ω) =
.
(11)

η→1

πδωθ 1 −

ω
δωθ

2

In Fig. 1 the distribution function of the Larmor frequency
in the static dephasing limit is shown for different values of the volume fraction. From the magnetic ﬁeld in
Eq. 4 we can see that the minimum value of ω is −δωθ
and the maximum value of ω is +δωθ . These resonance
frequencies are related to spins that are located at the
surface of the capillary. Contributions of spins inside the
capillary are neglected and therefore higher-resonance frequencies ω are not possible. This means that the distribution function of the Larmor frequency in the static dephasing regime has a compact support. Another important
mathematical property is that the distribution function of
the Larmor frequency is a purely real function, which is
expected from a probability distribution, and furthermore
is p(ω) = p(−ω), i.e., the distribution function of the Larmor frequency for cylinders is an even function, while the
distribution function of the Larmor frequency for spheres
[20] has no symmetry relations.
Similar frequency distributions for cylinders are given
by Zimmerman and Foster ([26], their Fig. 6). Numerical

Fig. 1 Distribution function of the Larmor frequency in the static
dephasing regime for different volume fraction η. The peaks of the
distribution function are located at the frequencies ωPeak = ±η δωθ

simulations in terms of a histogram as described above
has conﬁrmed the theoretical calculation of p(ω).
The intravascular part represented by the constant
internal frequency ωint = 2δωπ/2 /3 − δωθ leads to a Delta
peak at the position ω = ωint (see Fig. 5 in [27]).
Of particular interest in MRI is the time course of magnetization decay, which can be obtained from the general
expression given in Eq. 1. While the distribution function of the Larmor frequency is only dependent on tissue parameters, the response proﬁle Mx (ω) + iMy (ω) is
dependent on the used sequence. In the case of a gradient echo, this transverse magnetization is a constant and
we arrive at Eq. 5 for the magnetization decay. Putting
the local resonance frequency Eq. 4 in this equation, we
obtain an expression for the magnetization decay in the
static dephasing regime:
M(0)
[g(η δωθ t) − η g(δωθ t)] ,
M(t) =
(12)
1−η
where the g-function has the property g(0) = 1 and is given
by


− 21 
x 2

g(x) = 1 F2
.
(13)
− 2
1
1
2

The generalized hypergeometric function or Barnes
extended hypergeometric function is deﬁned as [28]
  ∞
 (a1 )k · (a2 )k · · · (ap )k zk
a1 , . . . , ap 
z =
, (14)
p Fq
(b ) · (b ) · · · (b ) k
b , ... ,b 
1

q

k=0

1 k

2 k

q k

and the Pochhammer symbol is given by
(x + k)
.
(15)
(x)k =
(x)
Alternatively, we can reach the same result for the time
course of the magnetization decay by introducing the
distribution function of the Larmor frequency given in
Eq. 9 into the Fourier transform (Eq. 6). According to
the mathematical properties of the distribution function
of the Larmor frequency, the symmetry p(ω) = p(−ω), the
reality, and the compact support, the Fourier transform
is a purely real function. The result for the magnetization
decay given above is in complete agreement with the results
of Yablonskiy and Haacke (Eq. 36 in [2]).
In the limit of large volume fraction, where the relaxation volume is converging to an inﬁnitely thin tube, we
obtain from Eq. 12 the result
M(t)
= J0 (δωθ t) ,
(16)
M(0)
where J0 is the Bessel function of the ﬁrst kind. This result
can also be deduced by Fourier transform according to
Eq. 6 from the large volume fraction limit of the distribution function of the Larmor frequency given in Eq. 11.
According to the general expression for the NMR signal
in the static dephasing regime given in Eq. 5, the convergence of the relaxation volume to an inﬁnitely thin tube
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leads to a vanishing initial magnetization M(0), while the
ratio M(t)/M(0) converges to a Bessel function.
In the short time limit a Taylor expansion of the magnetization decay given in Eq. 12 leads to the expression
M(t)
η
= 1 − δωθ2 t 2 ,
(17)
M(0)
4
i.e., the signal decays quadratically with time, which is in
agreement with Eq. 37 given in the paper of Yablonskiy
and Haacke [2].
Properties of tissues containing magnetic ﬁeld inhomogeneities are often characterized by their relaxation
time T2∗ or the volume fraction η. The allegation of the
relaxation time T2∗ assumes an exponential magnetization
decay of the form M(t) = M(0) exp(−t/T2∗ ). Now we are
interested in the relaxation time T2∗ that approximates best
the exact form of the magnetization decay given in Eq. 12
by a single exponential decay. This relaxation time can be
determined according to the mean relaxation time approximation [29] as
 ∞
M(t)
T2∗ =
.
(18)
dt
M(0)
0
Performing the integration we obtain a simple expression
for the transverse relaxation time, and we can ﬁnd a relation to the distribution function of the Larmor frequency:
1+η
T2∗ =
2ηδωθ
(19)
= πp(ω = 0) ,
which can be used to approximate the exact magnetization
decay by an exponential function. In Fig. 2 we compare
the exact time course of magnetization decay for different values of volume fraction and give the corresponding
relaxation time.
Unlike spheres, cylinders can have a tilt angle θ to the
external magnetic ﬁeld (Eq. 3). The distribution function
of the Larmor frequency as well as the magnetization
decay is dependent on this orientation. An orientationindependent quantity is the marked area in Fig. 3, which
is given by

2 1+η
A=
.
(20)
π 1−η
If the distribution function of the Larmor frequency
in the static dephasing limit is given, it is possible to
determine the volume fraction η independently of the orientation θ. Once the volume fraction η is found, the equatorial frequency shift δωθ can be found from the peak
position itself. Knowing the external magnetic ﬁeld it is
possible to obtain the susceptibility shift and information about the oxygenation state of the blood inside the
vessels. For quantiﬁcation of the volume fraction based
on this method, an interval of small resonance frequencies is needed that reﬂects the signal behavior for long

Fig. 2 Magnetization decay for different values of the volume fraction obtained from Eq. 12. If the exact form of the magnetization
decay is approximated by a single exponential decay in terms of the
mean relaxation time approximation, the corresponding relaxation
time obtained from Eq. 19 for η = 0.2, 0.5, 1.0 is T2∗ δωθ = 3.0, 1.5, 1.0

Fig. 3 Determination of volume fraction η. The area of the marked
rectangle A is given in Eq. 20

durations. However, measurements of the magnetization
decay are normally obtained with short echo times, for
practical reasons of signal-to-noise.

Discussion
Based on a simple model of a cylindrical voxel containing
a vessel, we derived an analytical expression for the distribution function of the Larmor frequency as a function of
the volume fraction of blood, the magnetization difference
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between vessel and surrounding tissue, and the tilt angle of
external magnetic ﬁeld and vessel axis. The result for the
distribution function of the Larmor frequency obtained
above is deduced under the assumption that the voxel has
a cylindrical shape and its axis coincides with the axis of
the vessel. In the case of small volume fractions where the
difference between a cylindrical and a cuboid shape of the
voxel is negligible, the results can be used for describing
the signal received from the voxel. If a system of vessels, for
example a vascular network, is considered, the frequency
shift due to neighboring capillaries has to be taken into
account. In this case the magnetic ﬁeld in Eq. 2 takes a
sum over all capillaries that belong to the network. Since
the ﬁeld from a capillary drops off as 1/r 2 , in the case of
small equatorial frequency shifts δωθ the effect of neighboring capillaries can be neglected. Therefore, the distribution function of the Larmor frequency given in Eq. 9
can be used for describing signal formation in a vascular network consisting of a set of parallel cylinders, as for
example in the myocardium of the heart. If the voxel is
composed of randomly orientated cylinders, an analytical
expression for the signal decay is given in Eq. A15 in the
paper of Yablonskiy and Haacke [2]:
M(t)
= e−ηf (δωt) ,
M(0)

(21)

with the function



x2
f (x) =
5 3 F4
20
+3 F 4

11
7
4

2

  2
1

3
2 1 1 
− 4x
5 7
4 4 22
  2 
3

2
− 3x
,
9
4
2 4

(22)

where the generalized hypergeometric function 3 F4 is
given in Eq. 14. As shown by Yablonskiy and Haacke [2],
in the case of randomly distributed cylinders the characteristic frequency is given by the relation
δωθ 3 2
= sin θ .
δω
2

(23)

In analogy to the case of a single vessel, we obtain from the
backward Fourier transform of Eq. 6 for the distribution
function of the Larmor frequency the expression

1 ∞ M(t)
p(ω) =
dt
cos(ωt) .
(24)
π 0
M(0)
In Fig. 4 we compare the frequency distribution of a
set of parallel cylinders obtained from Eq. 9 with the
frequency distribution of a set of randomly distributed
cylinders obtained from Eq. 24. In the case of randomly
distributed cylinders the distribution function of the
Larmor frequency is similar to a Gaussian or Lorentzian
one, while in the case of parallel cylinders the distribution
function has the characteristic form given in Eq. 9.

Fig. 4 Comparison of distribution function of Larmor frequency for
a set of parallel cylinders p(ω) and randomly distributed cylinders
p(ω) for a volume fraction of η = 0.2 and a tilt angle of θ = 90◦

This distribution function of the Larmor frequency
is only dependent on tissue parameters and, therefore,
a new characteristic of the vascular network. While former publications only focus on transverse relaxation time
obtained from T2∗ -weighted sequences for classiﬁcation
of vascular disease, using this distribution function of
the Larmor frequency a general description of NMRexperiments is possible. For example, a TrueFISP experiment can be described by Eq. 1 with the response
proﬁle Mx (ω) + iMy (ω) given by Schefﬂer and Henning [15].
We have focused on the static dephasing regime where
diffusion effects can be neglected. Bauer et al. [5–7,30]
developed a rigorous theory to describe diffusion effects
and their inﬂuence on relaxation time. Diffusion effects
will lead to a narrowing of the line shape of the distribution function of the Larmor frequency, which converges
to the motional narrowing regime characterized by the
transverse relaxation rate R2∗ = τ  ω2 (r) .
The obtained signal decay shows three types of behavior. For echo times smaller than the relaxation time
T2∗ , the signal decays quadratically with time. For
intermediate time regimes where the echo time has the
same magnitude as the relaxation time, an exponential
decay dominates, while for long echo times an oscillating
behavior is observed.
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